SPECTRAL TEST FUNCTION SELECTION FOR
WEAK-FORM SPARSE SYSTEM IDENTIFICATION UNDER

MEASUREMENT NOISE

A Thesis

Presented to the Faculty of the Graduate School
of Cornell University
in Partial Fulfillment of the Requirements for the Degree of

Master of Science

by
Zhiheng Chen

May 2026



© 2026 Zhiheng Chen
ALL RIGHTS RESERVED



ABSTRACT

Learning accurate dynamical models from data is a central challenge in con-
trol systems, robotics, and aerospace engineering, where governing equations
are needed for prediction, analysis, and controller design. Classical system
identification approaches perform well when model structure is known a priori,
but struggle when this structural knowledge is unavailable and trajectory data
are corrupted by substantial measurement noise. In the presented work, we
address the problem of robust learning of unknown dynamic equations from
noise-corrupted data.

We build on the Sparse Identification of Nonlinear Dynamics (SINDy)
method that selects governing equations by assuming sparsity in a large li-
brary of candidate functions and solving a sparse regression problem. Classical
SINDy formulations rely on numerical estimates of derivatives, which render
the method fragile against measurement noise. Weak-form SINDy mitigates the
effect of measurement noise by projecting the equations onto a set of test func-
tions before regression, avoiding numerical differentiation; however, the typ-
ically used “bump”-shaped test functions lack physical interpretability, have
many hyperparameters that require tuning, and are not mutually orthogonal,
therefore introducing redundancy into the regression problem.

To address the above robustness and interpretability challenges in sparse
system identification, we introduce Fourier Weak SINDy, a minimal noise-
robust and interpretable derivative-free equation learning method that com-
bines weak-form sparse equation learning with spectral density estimation for
data-driven test function selection. By using orthogonal sinusoidal test func-

tions inspired by their prevalence in Modulating Function-based system identi-



fication, the weak-form sparse regression problem reduces to a regression over
Fourier coefficients. Dominant frequencies are then selected via multitaper es-
timation of the frequency spectrum of the data. This formulation unifies weak-
form learning and spectral estimation within a compact and flexible framework.
We illustrate the effectiveness of this approach in numerical experiments across

multiple chaotic and hyperchaotic ODE benchmarks.
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CHAPTER 1
INTRODUCTION

Equation learning for dynamical systems is the process of identifying gov-
erning differential equations of a system given measurements of its trajectory
data. In recent years, equation learning has been extensively applied in scien-
tific machine learning for physics [20, 22], biology [24] 23], and various other
tields [21) 44]. Specific applications of equation learning include time-series
predictions for disease models [17], data-driven model predictive control [11],
and distilling structures and key relations in biological systems [25]. Among
these equation learning methods, sparse system identification, which selects
key terms from a library, presents a more interpretable framework compared

to black-box methods such as methods based on standard neural networks [29].

In this thesis, we present an interpretable framework for noise-robust
derivative-free equation learning that combines recent advances in sparse sys-
tem identification with classical signal processing tools to address the challenge
of data-driven test function selection in the algorithm design. In recent years,
sparse regression based methods for data-driven modeling have received sig-
nificant attention. Among these, the Sparse Identification of Nonlinear Dy-
namics (SINDy) algorithm is a popular data-driven framework for learning
the governing equations of Ordinary Differential Equation (ODE) models, that
uses sparsity-promoting optimization to identify unknown model coefficients
while avoiding overfitting [6]. SINDy has been successfully applied to equation
learning problems in different domains from fluid dynamics to disease mod-
eling [13] [10, [17], and has found many extensions including learning partial

differential equations [36], simultaneously learning coordinates and differen-



tial equations [8} 4], and quantifying uncertainty in the learned model structure

and coefficients [47, 130, 28, [14].

Measurement noise and limited data are key challenges for learning mod-
els from data, motivating extensions of the SINDy framework such as ensem-
bling [12], denoising signals [18], and weak-form reformulations [38, 135} 26, 27,
41]. The weak-form or integral-form family of methods are particularly promis-
ing noise-robust variants of SINDy, as they bypass the need for estimation of
derivative information from noise corrupted data, which makes the standard
SINDy framework fragile. Weak-form methods insteaed rely on integrating
data against user-defined analytic smooth test functions and their derivatives.
Success of these methods therefore relies on selecting and tuning a good test
function basis given characteristics of the collected data, to which significant
attention has been devoted in recent work. For example, [26] propose adap-
tive location and radius selections for compactly-supported “bump”-shaped
test functions based on approximate error covariance, the width-at-half-max pa-
rameter, and dominant wave modes; [41] propose an optimization framework
for test function tuning for weak-form PDE learning; [5] start with compactly
supported test functions and orthogonalize them using SVD, with the orthog-
onalized test functions resembling local Fourier basis or wavelets; [16] provide
a detailed heuristic discussion of test function selection based on the frequency

content of the data.

In modern weak-form sparse equation learning formulations, “bump”-
shaped test functions are a popular design choice due to their compact sup-
port and interpretable parameters. However, this choice introduces significant

degrees of freedom into the test function selection problem, as the support re-



gion boundaries as well as the shape of the functions become optimization pa-
rameters. Furthermore, such test functions are not orthogonal, which means
redundant information in the signal is reused in different components of the re-
gression problem. In the work presented in this thesis, we will illustrate that a
simple test function basis of orthogonal sinusoids is an interpretable and robust
choice for weak-form learning. In this formulation, we take inspiration from
classical Modulating Function Method system identification literature [39], in
which orthogonal test functions (or modulating functions) have been widely
used for system identification [32, 34, 33]. The utility of orthogonal test func-
tions has also recently been noted in the weak SINDy literature with data-driven
constructions [5] and derivation of general error bounds [37]. Furthermore, we
will show that with sinusoidal test functions, classical spectral density estima-
tion (SDE) presents a natural strategy for data-driven selections of test function
frequencies. Common approaches to SDE include nonparametric methods such
as Bartlett method and Welch method [42]; a more advanced approach with
higher resolutions and lower variances is the multitaper method [43]. Due to
its strong frequency specificity, the multitaper method in particular is popular
across disciplines for the spectral analysis of complex data, from seismic data
analysis to brain wave analysis [31), 46, 3]. We will utilize multitaper to inform

the selection of a sinusoidal test function basis.



(a) Noisy Data (b) Spectral Density Estimation (c) FFT and Sparse Regression

/50 \cf
< 6 50
0

(S = axgmin | B0 — aZh 3+ Alwilo, vi
,

Y
0 5 10 15 20 25 0.0 0.5 1.0 15 2.0 2.5
\ Time (s) / \ Frequency (Hz) / \

Figure 1.1: Graphical summary of proposed Fourier Weak SINDy method
for sparse equation learning described in detail in chapter
First, multitaper spectral density estimation is used to identify
dominant temporal frequencies in the observed noisy signals.
Second, spectral sparse regression problem is solved to learn
model coefficients in a selected function dictionary, leveraging
the identified dominant Fourier frequencies as test functions in
a weak-form system identification problem.

This thesis is adapted from our published work on Fourier Weak SINDy
[9]. In this thesis, we present the following contributions. First, we introduce
Fourier Weak SINDy, a minimal method that combines weak-form sparse re-
gression with spectral density estimation to learn parsimonious sparse ODE
models from noisy measurement data. A high-level graphical summary of the
method can be found in Figure We show that under the choice of sinu-
soidal test functions, the Weak SINDy sparse regression problem simplifies to
a regression over Fourier series coefficients, which are efficiently computable
with the Fast Fourier Transform (FFT). The choice of coefficients to regress over
is made in a data-driven way by selecting dominant frequency modes in the
data using multitaper estimation or Fourier phase index. Second, we illus-
trate effectiveness of this minimal approach in simulation studies. In partic-

ular, we show numerical evidence for improvements of Fourier Weak SINDy



over baseline SINDy and Weak SINDy methods across different chaotic and hy-
perchaotic benchmark systems. It is important to note that the Weak SINDy
we compare against are from the PySINDy package [19]; we leave principled
comparisons against Weak SINDy with adaptive hyperparameter tuning (for
example the framework presented in [26]) for future work. Finally, we investi-
gate the robustness of Fourier Weak SINDy against hyperparameter selections
such as the number of test function frequencies and the bandwidth of taper
functions. Through these numerical experiments, we show the improved ro-
bustness of Fourier Weak SINDy against measurement noise and hyperparam-
eter selections for learning the governing equations of low-dimensional ODE

benchmarks with reasonably small dictionary function library.

This thesis is structured as follows. Chapter 2| reviews least squares and
sparse regression, signal processing techniques used in this study, and the
fundamental formulations and limitations of current SINDy and weak SINDy
frameworks; Chapter 3| presents our Fourier weak SINDy method, with mathe-
matical derivations for the frequency-domain representation and the frequency
selections based on spectral density estimations; Chapter[4shows numerical ex-
periment results, where Fourier weak SINDy is compared with standard SINDy
and weak SINDy on equation learning tasks of four benchmark systems; Chap-

ter Bl discusses limitations and future work.



CHAPTER 2
BACKGROUND

This section discusses the prerequisite knowledge for the core Fourier weak
SINDy method. The background knowledge includes a) least squares prob-
lems and sparse regression which are the core of all sparse system identification
algorithms presented in this thesis, b) the classic Sparse Identification of Nonlin-
ear Dynamics (SINDy) and its limitations, ¢) bump-function weak-form SINDy
which attempts to resolve some of SINDy’s limitations, and d) Fourier analysis

and signal processing techniques used in the Fourier weak SINDy method.

2.1 Notations

In this thesis, we use R to denote real numbers, C to denote complex numbers,
Z to denote integers, and F to denote a general field. We use i to denote the
imaginary unit, and thus a complex number can be writtenas x € C = a +ib =
re'’. We represent matrices by capital letters (e.g., A € R™" is an m by n matrix,
and AT € R™™ is its transpose) and vectors by boldfaced symbols (e.g., v € R").

We represent the space of all continuous-time signals as F*.

We denote the 2-norm of a vector v € R" as |[vll, = (31, v})"/?, where v; is the
i-th component of v. For a matrix A € R™", we denote its 2-norm (i.e., largest
singlar value) as [|A|, and its Frobenius norm as [|Allr = (X2, ¥, al.zj)l/ 2, where

a;; is the entry on the i-th row and j-th column of A.



2.2 Least Squares and Sparse Regression

The core of sparse system identification is the formulation of least squares prob-
lems and sparsity-promoting algorithms used to solve them. Suppose A € R™"
is a known matrix, and b € R" is a known vector. Then the least squares approx-

imate of an unknown x € R" is

S

%" = arg min ||Ax - b][3. (2.1)

The x that minimizes ||Ax — b||, corresponds to the projection of b onto range(A),
and thus b — Ax need to be orthogonal to range(A). That is, A" (b — Ax) = 0. This

then gives the normal equation
ATAx = AT, (2.2)
and & can be obtained by solving (2.2) for x.

Adding an (*-regularizatin term to the cost function prevents the entries of
the learned X from getting excessively large. This has two major benifits: a)
the regulariztion improves numerical stability when solving the optimization
problem and b) adding a small bias reduces overfitting since the model is less
likely to fit the noise. Therefore, the ridge regression is extensively used in this

thesis:

798¢ — arg min [|Ax — b3 + 8*[Ix][3 (2.3)
where 8 € R. Since
2
A b
lAx = b5 + B2l = ||| [x—| || » (2.4)
Bl 0

2



the ridge regression problem can be reduced to a least squares problem, and

%"d8¢ can be obtained by solving
ATA+ 8 Dx=A"b (2.5)
for x.

If x is inherently sparse, then sparse regression algorithms are useful to
identify the sparse structures. In this thesis, the sequentially thresholded least
squares (STLS) and the sequentially thresholded ridge regressions (STRR) are
extensively used to perform sparse regressions. The STRR algorithm that per-
forms ridge regressions with sequential hard-thresholding is shown in Alg.
[36]. The STLS algorithm is presented in [6].

Algorithm 1: Sequentially Thresholded Ridge Regression

Require: A e R, beR", feR, 1eR*
X « arg miny [|Ax — b5 + B2IxI3 > Full ridge regression

while not converged do

smalllnds « {i : |X[i]| < 4} > Find indices of small entries in X
X[smalllnds] « 0 > Hard threshold
A « A[:, ~ smalllnds] > Extract columns of A for large entries
K[~ smalllnds] « arg miny ||[Ax — |3 + B2IxII3 > Ridge regression on

remaining columns

end while




2.3 Sparse Identification of Nonlinear Dynamics (SINDy)

Consider the problem of learning the structure of the governing equations for a
finite-dimensional autonomous dynamical system given noisy observations of

its state,

x=fx),  y@O=x(0)+§0) (2.6)

where x(r) € R”, x is the time derivative, f : R" — R”, and &(r) € R" is a vector
of additive measurement noise with components &(1) ~ N(0,0?) independent
across state dimensions and time. We assume the output is sampled at regular
time intervals ¢t € {t,,....%}, tiy1 — t; = At, with the collected data snapshots
summarized in the matrix

T

Y=ly@) ... y@w)| €R™" 2.7)

The Sparse Identification of Nonlinear Dynamics (SINDy) method for equa-
tion learning has received significant interdisciplinary attention [6, [7]. SINDy
combines classical least-squares system identification [2), 45] with a sparsity-
promoting sequentially thresholded least squares solver to identify the coeffi-
cients of nonlinear terms in the function f(x) in from a large dictionary of
candidate functions, under the assumption that f(x) is linear-in-coefficients and

sparse in the selected dictionary.

To set up the sparse identification problem, define m dictionary functions
{04, ...,0,) where each 6, : R" — R. Common dictionary choices include polyno-

x?}, or other func-

>"n

mials up to degree d, i.e. {;()}, = {1,x1,..., %, X2, XX, . ..

tion bases such as trigonometric functions. It is assumed that each component



fi(x) of the vector field f(x) = [fi(x), ..., f,(x)]" admits a representation

FX@) = ) wij(x(1) = OXO)W; (2.8)

j=1
where w; € R" is a coefficient vector and O(x(¢)) = [91 x(®) ... O.x(0)]|€ RIXm,
The true coefficient matrix W = [Wl Wn] € R™" parametrizes the right

hand side of with respect to the function dictionary as f(x(z)) = O(x(t))W.
The objective is to recover the unknown coefficients W from the observed snap-
shots under the assumption that each w; is sparse, i.e. each function com-
ponent f;(x(7)) comprises only a small number of dictionary terms.

Given time series Y of state measurements defined in (2.7), an estimate of
the corresponding time derivatives of the state X = |x(z,) ... x(&) ' e R jg
constructed, for example using finite-difference approximations or polynomial

smoothing. By stacking evaluations of the dictionary functions at each snap-

shot, we can construct the dictionary matrix

Oyt | |6i(yt) ... Ou(y()
oY) = : = : : e R, (2.9)
Oyt |y @) ... O.(y®))

Approximation of the unknown coefficient matrix W can be formulated as the

least squares problem
W = arg min ||X - G)(Y)VV”i . (2.10)
W

The regression problem (2.10) is then solved using a sparsity promoting method
such as sequentially thresholded least squares or sequentially thresholded ridge

regression as presented in the previous section.

10



2.4 Weak SINDy

While SINDy is an efficient and interpretable framework for model discovery,
its reliance on derivative estimates X from noisy measurements limits its robust-
ness. Specifically, the accuracy of the finite difference methods implemented
to approximate derivatives are easily corrupted by measurement noises, as the
noise can be signifiantly amplified when we divide a difference by a very small
time step. In practice, SINDy coefficient estimates become highly inaccurate

even with reasonably large signal-to-noise ratios in the data matrix (2.7).

To mitigate this noise sensitivity, a number of recent research efforts pro-
posed integral-form or weak-form reformulations of SINDy, which bypass the
need for estimating derivatives [38, 16,135, 26,5, 41]. In the Weak SINDy formu-
lation, each component f;(x) of is projected onto a compactly-supported test
function ¢; € C 1([ta» 1)) and integrated over its support region, ft :’ xi(0)¢;(DHdt =
L f” fix()¢;(Hdt. Imposing that test functions vanish at the end points of the

time interval, i.e. ¢,(t,) = ¢,(t,) = 0, and applying integration-by-parts yields

- f x(OP(Ddt = f Jix(0)¢ (D). (2.11)

In discrete time, the integrals in (2.11) are approximated using numerical
quadrature. The matrices of evaluations of ¢,(r) and its derivative ¢'(n) at
the sampled time points are defined as ®; = [¢ (1) ...t € R and
;= $i(t) ... H )| € R Defining X € R®" as the data snapshot matrix and
leveraging the library matrix expansion (2.8) along with the dictionary matrix
definition (2.9), the integral expression (2.11) becomes —At(D;.X = AtD;0(X)W.
Collecting evaluations of p distinct test functions into the matrices ® € R”* and

@’ € R”*, and incorporating noisy data observations (2.7), coefficients W of the

11



ODE are then estimated by solving the least squares problem

W = arg min ||ArGO)W + Ard' Y], . (2.12)
w

As in the standard SINDy formulation, coefficient sparsity is enforced by solv-

ing (2.12) using least squares or ridge regression with sequential thresholding.

A key design choice that significantly affects the performance of weak-form
methods is the form of test function ¢;(f). Grounded in the definition of a weak
derivative, a common constraint on the choice of ¢; in recent literature is that it is
compactly supported over the observation interval. Thus, typical test functions
have the form of a localized “bump”, for example [35] utilize functions of the

form

¢i(1) = (1 - 1) (2.13)

where g € Z" is a hyperparameter (larger g gives narrower bumps around the
subdomain center), and ¢ is the dimensionless time obtained via ¢t = (¢ — t;)/H,
with ¢; being the center of the j-th subdomain and H, being the duration of each
subdomain. Optimizing the performance of weak SINDy then requires strate-
gic selections of the sharpness and support interval boundaries of the test func-
tions. For example, [26, 5] present an adaptive-grid strategy that places more
test functions at locations where large changes in the dynamics occur, where the
gradient is approximated by formulating and solving a nonlinear root finding
problem; then they select hyperparameters and support intervals based on the
approximate error covariance, the width-at-half-max parameter, and optionally

the dominant wave modes.

12



2.5 Fourier Analysis and Power Spectral Density

As discussed in the previous section, selecting the optimal hyperparameters
for the bump test functions is generally a subtle, not interpretable, and com-
putationally expensive process that involves formulating and solving sophis-
ticated numerical optimization problems. The resulting test functions are also
not orthogonal and contain repeated information, usually requiring orthogo-
nalizations via the Gram-Schmidt process or the Singular Value Decomposition
(SVD). In contrast to bump functions, sinusoids are naturally orthogonal to one
another; more importantly, we can implement well-developed signal process-
ing tools, such as Fourier analysis and spectral density estimation, to find the
components of a given trajectory signal along a sinusoid, which implies that se-
lecting sinusoids with frequencies that closely match the dominant frequencies
of the system can make the weak-form projections more effective. Thus, utiliz-
ing sinusoidal test functions can enable us to perform hyperparamter selections

in a more interpretable manner.

For a deterministic continuous-time signal x € F¥, its Fourier transform, if

exists, is

X©Q) = f ) x(H)e ¥ dr (2.14)

(o)

where i is the imaginary unit and Q € R. The Fourier transform creates a
frequency-domain representation of the, with its value at Q representing the
component of the signal along the complex sinusoid ¢ ¥. The inverse Fourier

transform is

x(f) = % f ) X(Q)e¥dQ. (2.15)

(o0

. . F A
Moreover, denote the Fourier transform pair as x < X.

13



This thesis primarily uses two properties of the Fourier transform. The first
property is the frequency-domain convolution rule: if x, & X\, x & X,, and
X = X, = X, exists, then x;x, & 27%. The second property is the definition of
power spectral density (PSD). The PSD of a deterministic signal x € F* at a given

frequency is defined as

2
S.(Q) = lim (2.16)

11z .
T j: , x(t)e ¥ dt| .

That is, the PSD of a signal represents its power at a given frequency. Moreover,

the PSD and the autocorrelation function R,(7) is related by the Wiener-Khinchin

theorem:
S.(Q) = f R.(7)e ¥ dr. (2.17)

Therefore, the PSD of a signals captures the correlations (i.e., linear dependence)

within the signal.

2.6 Multitaper Method for Spectral Density Estimation

Although the PSD definition is for continuous-time deterministic signals,
it can be readily extended to discrete-time random signals that are more com-
mon in equation learning problems. In this section, we review classical ideas
from spectral analysis of signals [42], which are used in the spectral density esti-
mation component of our method. Given a right-sided random signal sequence
x(n) with length N, its PSD S (w) is defined as
N-1

]1[ Z x(n)e r

n=0

2
S(w) = lim E ] (2.18)

14



where E denotes expectation. Note that }; ,’:’:1 x(n)e " is the discrete-time Fourier
transform of the right-sided x(n); therefore, S(w) is a measurement of the
amount of energy in x(n) at frequency w, and the function S represents the dis-
tribution of x(n)’s energy spanning a continuous spectrum of frequencies, which

is a direct result from (2.17) by letting 7 = 0.

Direct computation of the PSD is not possible since it requires an infinite
number of ensembles for y(n), and thus spectral density estimations (SDEs) are

needed. A common approach to SDE is via the periodogram, defined as

N-1 2

;] Z x(n)e n

n=0

(2.19)

The periodogram by itself cannot provide decent spectral density estima-
tions due to its high variance. To obtain a consistent PSD estimate, the multi-
taper method averages modified periodograms obtained using a set of orthog-
onal window functions (tapers); a typical set of tapers is the Discrete Prolate
Spheroidal (Slepian) Sequences [40, 43]]. Denote the j-th Slepian sequence as g;,
and denote the bandwidth normalized by the sampling rate as W, then g; can

be defined by its convolution with the sinc function:

N-1

Z sin 2aW(n — m))

n(n —m)

gi(m)=A4gin), n,j=0,1,2,...,N-1, (2.20)

m=0
and g;’s can be obtained by solving the eigenvalue problem for the sinc function
matrix. Then the j-th modified periodogram is constructed by first tapering
the signal with g;, then computing the squared magnitude of its discrete-time

Fourier transform:

2

A

1

N-1 )
D gimxme "
n=0

15



There are approximately 2NW sequences with eigenvalues close to unity, and
thus we choose M = 2NW tapers. Then the PSD estimate from the multitaper

method is the average of the M modified periodograms:

A 15,
Sur@) =~ ) 8 (w) (2.22)
j=0

Note that the sinc function is the impulse response of an ideal lowpass fil-
ter with passband [-W, W], and thus choosing a larger bandwidth will result
in the tapers having a wider frequency content, causing the tapers to have a
stronger frequency-averaging effect that can be visualized if we convert the
Fourier transform of the time-domain multiplication in into frequency-
domain convolution. Therefore, if we choose a smaller and more concentrated
bandwidth, then the PSD estimate will have more spectral leakage but higher
resolution; conversely, if we choose a larger and more distributed bandwidth,

then the PSD estimate will have less leakage but lower resolution.

2.7 Fourier Phase Index

As shown in (2.17), the PSD defined using the Fourier amplitude only captures
the autocorrelation within a signal, which is the linear part. To evaluate the
strength of nonlinearity within a trajectory signal, we also need to investigate
its Fourier phases. In this thesis, we implement the Fourier phase index method

proposed in [1].

Consider a high-dimensional nonlinear dynamical system with two of its
state variables denoted as x; and x,. In our equation learning setup, we can

obtain two N-point discrete-time signals for the two state variables. Denote

16



discrete Fourier transform (DFT) pairs x; & X, and x, & X,. Also let X,(f) =

A(NHEPYD and Xo(f) = Ax(f)e' ™) for £ =0,4,..., L. Since the O(f) is defined

) ﬁs
on a unit circle and thus is always within the interval [0, 27], the sequence of the

pairs (®;(f), @2(f)) defines a three-dimensional torus, as shown in Fig.

Figure 2.1: The torus defined by the sequence of the Fourier phase pairs
(D1(f), Do(f)), where each point (e.g., P, P», and P3) corre-
sponds to a Fourier phase pair at a specific frequency. This
schematic is adapted from an image in the published paper on
Fourier Phase Index by Aguilar-Hernandez et al. [1].

The Fourier phase method focus on the deviation angles as we move across
the frequencies along the torus. Although there are multiple alternatives to
move from one frequency to another along the torus, we choose the shortest
path to maintian consistency on the deviation angle metric. The J-index of the

two trajectory signals is then defined as

-1
N et
N-14

J[®, D] =1- (2.23)

17



where a(f;) is the shortest-path deviation angle from frequency f; to fi.; on the

torus formed by @, and ®,.

The J-index is computed solely based on the Fourier phase, excluding linear
dependence (i.e., autocorrelation) contained in the Fourier amplitude. There-
fore, the J-index captures the level of irregularity within the nonlinear part of
the deterministic dynamics. A larger J (closer to 1) implies a stronger irregular-

ity, while a smaller J (closer to 0) implies weaker irregularity.

18



CHAPTER 3
FOURIER WEAK SINDY

The use of orthogonal test functions has been explored in several prior works;
for example [5] obtain test functions by orthogonalizing smooth bump func-
tions via SVD. Moreover, in classical systems and control literature, such as
[32, 134, 33], Fourier-mode test functions (also known as modulating functions)
are used for identification of linear systems, without requiring them to be com-
pactly supported, and only requiring that they should vanish at domain bound-

aries.

Motivated by these precedents, we present in this section the sinusoidal test
functions for the weak SINDy framework and show that the problem can be
reformulated into a frequency-domain regression over the Fourier coefficients
of trajectory measurements and dictionary functions. This reformulation then
converts test function hyperparameter selections into the interpretable process
of selecting the most informative Fourier frequencies, which can be addressed
by classical signal processing methods. This frequency-domain reformulation
offers a robust and interpretable approach to sparse equation learning. This

frequency-domain reformulation is also presented in our published paper [9].

3.1 Sinusoidal Test Functions

Suppose the data we collect has duration T (i.e., T = #, — 1,), then define the ¢-th

sinusoidal test function and its derivative, where ¢ € Z*, as

2nl 2nl 2rl
$e(r) = sin (%t), ¢,(1) = % cos(it).

- (3.1)
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Since ¢¢(0) = ¢«(T) = 0 for all ¢ € Z*, the weak form equation (2.11) becomes

T T
_¥ ) x,-(t)cos(?t)dz: fo fi(X(I))Sin(%t)dl. (3.2)

Let x,(¢) and fi(¢) defined over [0, T'] be expanded as Fourier series

xi(H) = ay Z (at, cos (—t) by sin (?t)) , (3.3a)

flx() = al' + Z (a[ cos (—t) + b sin (?t)) (3.3b)

Since the Fourier basis are mutually orthogonal, substituting (3.3) into (3.2) lets
most of the inner products vanish, giving

2t
—%af = bf’ forall ¢ e Z". (34)

Note that the @) and b/ coefficients can be efficiently computed using FFT of the

data matrix ¥ and the dictionary matrix @(Y).

3.2 Dictionary Function Expansion

In the equation learning problem, we do not know the exact form of f; and
instead expand it in a dictionary of functions (x) = [Ql(x) . Qm(x)], with the
relation described in . Let the Fourier series expansion of 6;(x(#)) defined

over [0, T] be

0; - 0; 2rl 2t
0;(x(1)) = a) + ; (a[ cos( T ) + b sm( T t)) (3.5)
By linearity of the Fourier operator, the right-hand side of can then be writ-

ten as

bl =" wiby. (3.6)
j=1

20



Define BY = [b?' b?m] ; then bf = B%w;, and (3.4) becomes

ot
—%a}f’ = BWw.. (3.7)

Since for each j, b;}-’ for all £ up to the index for Nyquist frequency can be effi-
ciently computed using one FFT, this formulation can be significantly faster to
implement than quadrature-based approaches, where an evaluation of quadra-

ture is needed for each test function.

3.3 Frequency Selection Based on Spectral Density Estimation

An approach to selecting the frequencies of test functions is to choose frequen-
cies that matches the most energetic frequencies of the trajectory signals. To
this end, we need to estimate the PSD of the trajectory signals. The multi-
taper method provides a low-variance, low-leakage, and high-resolution ap-
proach to spectral density estimation (SDE) compared to simple single-taper
approaches [43]. Therefore, we use the multitaper method to perform SDEs for

trajectory data.

For each f;, we pick frequencies at which x; has the highest energies (i.e.,
dominant frequencies) by implementing multitaper SDE to approximate the
power spectral density from noisy measurements. This provides the most reli-
able and effective frequencies of sinusoids for the governing equations to project
onto for weak-form system identification. Suppose we pick K dominant fre-
quencies in total, and define

T

T
Xi — =21 _Xi -2 Xi S} —
Qiom = _%al T _%al(] ’ Bdom B [(B?)T e (B%)T ' (38)
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Then we can obtain, and solve using sequentially thresholded methods, the least

squares problem

= . Q] ~ X 2
W, = arg min ||Bd0mwl~ - ad0m||2. (3.9)

This approach to test function selection is interpretable in a physically mean-
ingful sense, since the selected frequencies correspond directly to the dominant
modes of the observed signal. The choice of test functions is directly grounded
in the spectral structure of the data, rather than indirectly through abstract op-

timization criteria, and utilizes classical signal processing methods.

3.4 Frequency Selection Based on Fourier Phase Index

Although the multitaper PSD estimation is effective in extracting the most en-
ergetic frequencies of a trajectory signal, it only captures the linear part of the
trajectory of a nonlinear system (as mentioned in Chapter[2). For nonlinear sys-
tems, more meaningful information could be contained in features beyond the

trajectory signal’s most energetic modes.

To determine the frequencies showing the most nonlinear behavior from a
trajectory signal, we invoke the Fourier phase index method introduced in
Given N-point trajectory time series x;,x, € RY, we find their DFT phases, ex-
tract frequencies up to the index N — 1, exclude DC, and thus form ®,,®, €
[0,27]V"!. Then we obtain moving slices (windows) of ®; and ®,, with each
paired window denoted as (d)(lk), Gb(zk)), and compute a J; for each k. This J; then
represents the strength of deterministic chaotic behavior at frequency f;, where

fx is the frequency at the center of window k. We then pick frequencies whose
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corresponding windows have the largest J-indices. A schematic of selecting test

function frequencies based on Fourier phase indices is shown in Fig.

5 o T = J[a), 8] g =Jpl el

S =108 ] . ' : . .
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Figure 3.1: Schematic of using Fourier phase index for selecting test func-
tion frequencies. The whole ®; and ®, are divided into mul-
tiple small windows, and each window has a J-index and a
frequency value.
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CHAPTER 4
SIMULATION RESULTS ON BENCHMARK SYSTEMS

We implement our Fourier Weak SINDy framework in Python and conducted
further numerical experiments based on the results presented in our published
work [9], testing it on simulated trajectories of different nonlinear dynamical
systems with varying measurement noise levels. The trajectory data have du-
rations of 10 s and are evenly sampled with 1000 samples per second. We use
benchmark systems chosen from [15], and follow the noise level definition and
error metrics in [26]. Specifically, the noise ratio o yg is defined using

N 1X1
= ONR
Vkn

where || X||r is the Frobenius norm of the trajectory data matrix X € R*", and the

(4.1)

noise level is then oz X 100%.

We use three metrics to evaluate the error of equation learning results; the

first metric is the relative coefficient error E,(W), defined as

S IW = Wilg
E,(W)= —— 4.2
i Wil (42
The second metric is the true positive ratio (TPR)
R TP(W
TPR(W) = —— an - (4.3)
TP(W) + FP(W) + FN(W)

where TP(W) is the number of correctly identified nonzero terms, FP(W) is the
number of falsely identifd nonzero terms, and FN(W) is the number of terms
that are falsely identified as having a coefficient of zero. While the first two
metrics focuses on equation error, the third metric compares the simulated tra-
jectory error, defined as

_ X = XIlr

1X11 7 &4

&
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where X is the simulated trajectory matrix of the identified system.

In the equation learning of all benchmark systems using Fourier weak
SINDy, we use the sequentially thresholded ridge regression with a sparsity
threshold of 0.5 and a ridge regularization value of 0.001. We implement two
frequency selection methods for Fourier weak SINDy — the first method is to
use the first 500 frequencies of the FFT result (i.e., using a sweep of frequencies
up to 50 Hz, & of the Nyquist frequency), and the second method is to use the
top 100 dominant frequencies from the SDE. We compare the results of Fourier
weak SINDy with those of standard SINDy and weak SINDy methods in the
PySINDy package [19], where we choose between sparse relaxed regularized
regression and sequentially thresholded ridge regression for the one with better

performance, and use 1000 subdomains for the weak SINDy in PySINDy (i.e.,
1000 test functions of the form (2.13)).

4.1 Second-Order Polynomial Dictionary with PSD Frequency

Selections

We perform our first numerical experiment on the Lorenz system with sturcture

x=0@(—x) (4.5a)
y=x(p-2) -y (4.5b)
z=xy -z (4.5¢)

T
where we use o0 = 10, p = 28 8 = 8/3, and initial condition [20 12 _3()] for

benchmarking. We use library terms up to second-order polynomials. We set
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the initial conditions of the simulation to xy, = [2() 12 _3()]T. As shown in
Fig. we first compare the performances of SINDy (PySINDy), weak SINDy
(PySINDy), and Fourier weak SINDy based on both the frequency sweep and
the spectral density estimation methods, with noise ratios ranging from 0.0001%
to 100% and 20 noise instances per noise level. Moreover, we investigate the ef-
fect of choosing different numbers of dominant frequencies for the Fourier weak
SINDy at different noise levels (the dominant frequencies are extracted using
the FFT on the clean data, to eliminate the effect of SDE error and focus on the
effect of frequency numbers), as well as how the bandwidth of the multitaper

SDE influences equation learning results.

According to Fig.[4.1(a), at high noise regions, SINDy has a median coeffi-
cient error at the order of 10 and a median true positive ratio near 0.2. This
implies that the classical SINDy approach is not providing meaningful equa-
tion learning results at high measurement noise. In contrast, the Fourier weak
SINDy approach with SDE has a median coefficient error at the order of 0.1 and
a median true positive ratio near 0.7. This implies that even with significant
measurement noise, Fourier weak SINDy can still reveal the core structure of

the model with reasonably small coefficient error.

Fig.[4.1(b) reveals the robustness of Fourier weak SINDy against the number
of test functions being selected. Once the number of test functions is more than
30, the coefficient error and true positive ratio does not vary significantly as the
number of test functions increases, though there is a slight decline in perfor-
mance as test functions of higher frequencies are included. The slight decline in
performance is likely caused by the fact that the frequency content of the system

is mostly in the top 50 to 100 dominant frequencies, and thus the components

26



projected onto the test functions of other frequencies are more likely to be mea-

surement noise.

Fig.[4.1(c) reveals the robustness of Fourier weak SINDy against the selection
of the taper function bandwidths of the multitaper SDE. The performance im-
proves with the size of the bandwidth at first, but once the bandwidth becomes
wide enough, the performance does not vary much. This is a reasonable trend
as the taper functions are essentially frequency averagers, and averaging more
frequencies (i.e., increasing bandwidth) will provide saturating gains. Thus, it
is usually a safe choice to set a reasonably wider bandwidth; however, a band-
width that is too wide will introduce extra computational burden, so it is still

important to make judicious trade-offs.

(a) (b) (c)
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Figure 4.1: Lorenz system equation learning results with second-order
polynomial library. Median and quartiles of the relative co-
efficient error and TPR of (a) four different SINDy and weak
SINDy methods at varying noise levels, (b) Fourier weak
SINDy with different numbers of dominant frequencies cho-
sen, and (c) Fourier weak SINDy with different bandwidth set-
tings (in Hz) for the multitaper SDE.
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The simulated trajectory error for the Lorenz system, with second-order
polynomial library, is shown in Fig. For numerical simulations, the identi-
tied models can be unstable or largely stiff as noise level increases, which causes
the adaptive solvers to halt even if implicit methods are used; thus, we perform

this numerical experiment for noise ratios up to 30%.

Fig. £.2(a) shows that at 30% noise ratio, both SINDy and bump-function
weak-SINDy has a median trajectory error at the order of 1, while Fourier weak
SINDy with multitaper SDE has a median trajectory error at the order of 0.1.
Moreover, Fig. b) shows that for noise ratios up to 30%, SINDy and bump-
function weak SINDy both identified 12 out of 200 dynamic models that are
unstable, while the models identified by Fourier weak SINDy are all stable. This
is a direct showcase that Fourier weak SINDy can be more accurate in doing

predictions for nonlinear dynamical systems.

(a)

1034 B 121
SINDy (PySINDy) 9
5 ---- Bump WSINDy (PySINDy) | &

5 0% e Fourier WSINDy (SDE) $ 10
w I
(]

2 10%4 g 81
5 =
Q o

© 1004 S 61
= 8
o 2

%1014 24
° e

2 [ 8 2<
10724 €
=}

o0

0% 5% 10% 15% 20% 25% 30% SINDy Bump WSINDy Fourier WSINDy
Noise Level

Figure 4.2: Lorenz system equation learning results with second-order
polynomial library. Median and quartiles of the simulated
trajectory error of (a) regular SINDy (PySINDy), bump weak
SINDy (PySINDy), and Fourier weak SINDy with spectral den-
sity estimation and (b) number of unstable models identied by

the three methods (out of 200 numerical experiments for each
method).
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We also perform numerical experiments on the Lotka-Volterra equations

X =3x—-Bxy (4.6a)

y = —6y + Bxy (4.6b)

T
where we use 8 = 1 and initial conditions [1 1] , the hyperchaotic Lorenz sys-

tem
x=aly—x)+w (4.7a)
y=—Xxz+cx—y (4.7b)
z=-bz+ xy (4.7¢)
w=dw— xz (4.7d)
where we use a = 10, b = 2.667, ¢ = 28, d = 1.1, and initial conditions

T
[5 8 12 21] , and the hyperchaotic Jha system

x=aly—x)+w (4.8a)
y=-xz+bx—y (4.8b)
Z=xy—cz (4.8¢)
W= —xz+dw (4.8d)
where we use a = 10, b = 28, ¢ = 8/3, d = 1.3, and initial conditions

T
0.1 0.1 0.1 0.1| , all with second-order polynomial libraries; the equation

learning results are shown in Fig.

Based on the simulation results, Fourier Weak SINDy with PSD frequency
selections shows either improved or comparable performance in equation learn-
ing tasks for the four benchmark systems, compared to the weak SINDy method
in the PySINDy package. Specifically, Fourier weak SINDy shows improved
performance on the Lotka-Volterra equations (Fig.[4.3(a)) and the hyperchaotic
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Figure 4.3: Equation learning results of four different SINDy and weak
SINDy methods for (a) Lotka-Volterra equations, (b) hyper-
chaotic Lorenz system, and (c) hyperchaotic Jha system.

Lorenz system (Fig. b)) ; it shows comparable performance to bump-function
weak SINDy on the hyperchaotic Jha system, but provides higher true positive

ratios on the low-noise region.

In addition to numerical experiments carried out with second-order polyno-
mial libraries, we conducted numerical experiments with higher-order polyno-

mial dictionaries, as shown in Fig.

Fig. [4.4(a) shows that for the equation learning task on the Lorenz system
with fifth-order polynomial library, at 100% noise ratio, Fourier weak SINDy
with SDE can have a 5-times smaller coefficient error compared to bump-
function weak SINDy, and it provides a higher true positive ratio (0.5 compared
to 0.3). Although for the two hyperchaotic systems with third-order polynomial
library (Fig.[4.4(b) and Fig. [4.4{(c)) the advantage of Fourier weak SINDy is less

salient, the accuracy of Fourier weak SINDy is still more consistent than the
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Figure 4.4: Equation learning results comparisons of (a) Lorenz system
with fifth-order polynomial library, (b) hyperchaotic Lorenz
system with third-order polynomial library, and (c) hyper-
chaotic Jha system with third-order polynomial library.

bump-function method across the different benchmark systems and different

dictionary function libraries.

4.2 Second-Order Polynomial Dictionary with Fourier Phase

Index

We tested the model identification result where we select the test function fre-
quencies based on the Fourier phases indices of the x and y trajectories of the
Lorenz system. We use a simulation trajectory of 800 seconds with a sampling
interval of 0.01 seconds. Additionally, we use second-order polynomials as the

library. The result is shown in Fig.

According to Fig. the Fourier weak SINDy based on Fourier phase index
did not outperform the Fourier weak SINDy that uses the first 500 FFT frequen-
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cies. In fact, the Fourier phase index approach did worse in terms of the true
positive ratio. A possible reason is that a more judicious choice of coordinates
is needed, rather than simply selecting x and y of the Lorenz system. Moreover,
the lengths, overlaps, and numbers of the frequency windows may also require

more careful design and computations.
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Figure 4.5: Equation learning result comparisons of Lorenz system with
second-order polynomial library. (a) Relative coefficient error
and (b) true positive ratio of equation learning results from
SINDy, Fourier weak SINDy with first 500 FFT frequencies,
and Fourier weak SINDy with frequency selections based on
Fourier phase index.
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CHAPTER 5
DISCUSSION

In this thesis, we showed that combining weak-form equation learning over or-
thogonal sinusoidal test functions with classical signal processing techniques
for the selection of test function frequencies to match maximally energetic
modes in the data, presents an interpretable, robust, and effective approach
to equation learning that requires minimal tuning. Specifically, Fourier weak
SINDy shows lower equation coefficient and trajectory error, and higher true

positive ratios on the benchmark systems, particularly at the high-noise region.

While Fourier weak SINDy shows consistent performance and interpretabil-
ity over different benchmarks, there are many promising directions of future
work. For example, the current FFT implementations of Fourier weak SINDy
are limited to uniformly sampled trajectory data. Therefore, a future direction
is to experiment with Nonuniform Fast Fourier Transform to perform equa-
tion learning using data with irregular time samples. Moreover, an assumption
made in this thesis is that the measurement noise is additive white Gaussian
noise. Although this assumption holds for many equation learning tasks, noise
profiles beyond white noise are common in practice. In these cases, Fourier
weak SINDy can be further augmented by more advanced spectral density es-
timation methods, such as the adaptive multitaper method and the Capon esti-
mator. Additionally, existing techniques for improving the accuracy and noise-
robustness of SINDy, such as ensembling and Bayesian coefficient selection
strategies, can be incorporated into the current framework to further improve
accuracy and robustness. Furthermore, as discussed in the introduction, the

bump-function weak SINDy methods we are comparing against are the baseline
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methods from the PySINDy package; principled comparisons to bump-function

weak SINDy with adaptive hyperparameter tuning can provide more insights.

Moreover, the frequency selection based on the Fourier phase index still has
room for improvement. The selection of coordinates, and the number and size
of the frequency windows, can have significant effect on the effectiveness of J-
index computations. Also, further hypothesis tests on the J-index results need

to be carried out to verify the validity of resulting Fourier phase indices.
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